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Abstract

Entropy of radiation has been used to derive the laws of blackbody radiation and determine the maximum efficiency of solar energy
conversion. Along with the advancement in thermophotovoltaic technologies and nanoscale heat radiation, there is an urgent need to
determine the entropy flow and generation in radiative transfer between nonideal surfaces when multiple reflections are significant. This
paper investigates entropy flow and generation when incoherent multiple reflections are included, without considering the effects of inter-
ference and photon tunneling. The concept of partial equilibrium is applied to interpret the monochromatic radiation temperature of ther-
mal radiation, 7T;(4, Q), which is dependent on both wavelength 4 and direction Q. The entropy flux and generation can thus be evaluated
for nonideal surfaces. It is shown that several approximate expressions found in the literature can result in significant errors in entropy
analysis even for diffuse-gray surfaces. The present study advances the thermodynamics of nonequilibrium thermal radiation and will

have a significant impact on the future development of thermophotovoltaic and other radiative energy conversion devices.

© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Thermal radiation is the dominant mode of heat transfer
in direct solar energy conversion (photovoltaic devices) as
well as in thermophotovoltaic cells, which can employ com-
bustion as the high-temperature source [1]. Radiative heat
transfer can be enhanced by orders of magnitude and
may be applied to increase energy conversion efficiency
[2,3]. Nanostructures offer new opportunities for engineer-
ing the surface properties to improve the conversion effi-
ciency from a heated body to electrical power [4]. The
attainable efficiency in energy conversion systems depends
on the success of minimizing the entropy generation [5].

The concept of entropy of radiation has played an essen-
tial role in development of the theory of blackbody radia-
tion. Boltzmann in 1884 investigated the thermodynamics
of radiation in an isothermal enclosure and proved the
empirical equation ey(7) =oT" obtained by Stefan for
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the blackbody emissive power. Here, T is the temperature
of the blackbody and ¢ is the Stefan—Boltzmann constant.
In doing so, he also determined the associated entropy flux
to be sp(7) = 467>, After introducing the radiation quanta,
Planck expressed the spectral entropy associated with each
vibrational frequency mode and formulated the famous
law of blackbody radiation in 1900 [6]. Beretta and Gyfto-
poulos [7] pointed out that electromagnetic radiation car-
ries both energy and entropy and is neither work nor
heat interaction. Saying in other words, for blackbody
radiative transfer between two systems at different temper-
atures, the rate of entropy transfer is not equal to the ratio
of energy transfer rate between the two systems to the tem-
perature of either of the systems. Modeling laser beam as
an incoherent source and using the definition of spectral
radiation entropy, Essex et al. [8] calculated the tempera-
ture of the near monochromatic laser radiation from a
1 mW He-Ne laser at 632.8 nm wavelength to be as high
as 10'° K. Laser energy is considered as (almost) equivalent
to work with very low entropy and a very high radiation
temperature.
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Nomenclature

Glossary

speed of light in vacuum, 2.998 x 10 m/s

emissive power, W/m?

Planck’s constant, 6.626 x 1073 J s

intensity, W/m? sr

Boltzmann’s constant, 1.381 x 1072* J/K

radiation entropy intensity, W/K m?

refractive index

surface normal

heat flux, W/m?>

entropy of the system per unit surface area,

J/K m?

s entropy flux, W/K m?

Sg entropy generation rate per unit surface area,
W/K m?

T temperature, K

T; monochromatic radiation temperature, K

U internal energy of the system per unit surface
area, J/m>

N I NFNTO N

Greek symbols
B polarization parameter: f = 1 linearly polarized;
f =2 unpolarized

& emissivity

0 zenith angle, deg

A wavelength, m

o the Stefan-Boltzmann constant, 5.670 x 10~°
W/m?* K*

¢ azimuthal angle, deg

Q solid angle, sr, also as the unit vector in the
direction of propagation

Subscripts

1 or 2 surface 1 or 2

abs absorbed

b blackbody

cond conduction

emit  emitted

in incoming

out outgoing

ref reflected

A spectral property

Superscripts

+ forward

— backward

Petela [9] realized the importance of entropy and exergy
of radiation to energy conversion in the 1960s. While the
spectral nature of thermal radiation was recognized, he
introduced a simplified formula, without spectral integra-
tion, for the total entropy leaving a diffuse-gray surface as
esp(T), where ¢ is the emissivity and 77 is the temperature
of the emitting surface. Even for a free emitting surface,
such an expression may result in a large error when the
emissivity is small. In one of his recent papers on this sub-
ject, Petela [10] further assumed that the absorbed entropy
of such a surface for radiation coming from a blackbody at
temperature T, to be esy(75), which is also an oversimplifi-
cation as will be shown later. In the 1980s, extensive studies
were published to determine the maximum efficiency of
solar energy converters [11-13]. These studies generally
dealt with blackbody radiation and did not concern the
spectral properties of radiation; see Bejan’s text for a com-
prehensive review and discussion of this subject [13]. Arpaci
[14] modeled radiation entropy generation for turbulent
flow and heat transfer. His analysis was limited to optically
thick cases when the radiative transfer equation is reduced
to a diffusion equation similar to heat conduction.

Landsberg and Tonge [15] introduced the concept of
dilute blackbody radiation and an effective temperature.
They also proposed other temperature-related definitions
such as the flux temperature, in addition to the brightness
temperature [16]. However, they did not apply their theory
for multiple reflections. Furthermore, the repeated usage of
various definitions of temperature is confusing and pre-

vents the general acceptance of their methodology. Wright
et al. [17] obtained approximate expressions for calculating
the entropy of radiation emitted from a gray body without
considering reflection. Whale [18] drew an analogy between
far-field radiation and near-field radiation using the con-
cept of flux temperature but further research is needed to
assess the validity of simply extending the far-field theory
to the near-field situation. Caldas and Semiao [19] recently
extended the formulation of radiation entropy to partici-
pating media and numerically determined the entropy gen-
eration during radiative transfer. However, the entropy
generation at the wall that could be important for their
studied systems was not included in their analysis and
numerical simulation. Similar analysis was performed by
Liu and Chu [20] considering a participating medium
between blackbody walls.

In the present work, attention is paid to the entropy
associated with the emission, transmission, and reflection
processes of thermal radiation by a surface, which is opa-
que or semi-infinite, or a semitransparent slab. Further-
more, the entropy generation during radiative transfer
between two isothermal diffuse-gray surfaces is analyzed,
considering the entropy components associated with
absorption, emission, and reflection of radiation.

2. Theoretical background

For a blackbody enclosure at thermal equilibrium, one
can use a cylinder-piston arrangement to perform a ther-
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modynamic analysis that will lead to the Stefan—Boltzmann
law, and expressions for the entropy, pressure, and specific
heat of blackbody radiation in terms of its temperature
[21,22]. For blackbody radiation in vacuum, the spectral
distributions of the emissive power and intensity are given
by Planck’s law,

prhc?

e;y,b(}v, T) = n[;hrb(/l, T) = m

(1)
where ¢ is speed of light in vacuum, % is Planck’s constant,
and kg is Boltzmann’s constant. Here, f is a polarization
parameter in such a way that =1 is for either the trans-
verse electric (TE) wave or the transverse magnetic (TM)
wave, and ff =2 is for unpolarized radiation. It is noticed
that the intensity of blackbody radiation is independent
of direction. The radiation entropy intensity can be ex-
pressed in terms of the (energy) intensity as follows [22]:

75 25 5 5
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(2)

The radiation entropy flux is calculated by integrating the
radiation entropy intensity, that is,

21 n/2
S :/ / L;cos0sin 0d0de (3)
$=0 J0=0

For a blackbody or diffuse radiation, we have s; = nL;. In
a closed enclosure with a volume ¥, the temperature of the
system is defined as = (%), where S and U refer to the
entropy and internal energy of the system, respectively
[23]. The monochromatic radiation temperature, or simply
as either the monochromatic temperature or radiation tem-
perature, can be defined based on the spectral intensities
(since they are proportional to the energy and entropy den-

sities of the electromagnetic radiation), viz.

TA(/}L Q) % “)
ARAD) A

At thermodynamic equilibrium, it is obvious that the above
expression gives the physical temperature of the photon gas
regardless of the radiative properties of the wall, as long as
the location is not too close to the surface of the wall where
near-field radiation dominates. One can rewrite Eq. (4)
using Eq. (2) as follows:

T = el )

In (2 1)

Consider a nearly monochromatic laser beam from a
pointer, the intensity /; can easily be calculated based on
its power, wavelength interval, beam diameter, and diver-
gence. Assuming that the light is polarized and can be trea-
ted as in an equilibrium state, the entropy intensity L; can
be calculated from Eq. (2) and, similarly, the ‘“tempera-
ture” of the laser light can be obtained by either Eq. (4)
or (5). It can be easily shown that this temperature is the

one that corresponds to a blackbody radiation spectrum
with the same intensity at the laser wavelength. Such a
temperature is often called the brightness temperature or
radiance temperature, in optical pyrometry and radiation
thermometry [24] as an equivalent temperature that a
blackbody would have in order for it to emit the same
intensity. The entropy defined in Eq. (2) is generally
applicable for incoherent radiation, as can be proved by
nonequilibrium thermodynamics [25]. Furthermore, the
temperature defined in Eq. (4) is a thermodynamic temper-
ature for the monochromatic or spectral-directional radia-
tion [16]. As pointed out by Caldas and Semiao [19], there
exist infinite radiation temperatures at any spatial location
for steady-state thermal radiation in an enclosure that is
not at thermal equilibrium. An immediate paradox is as
follows. If a surface, whose emissivity is not equal to 1, is
placed inside a blackbody enclosure, what is the tempera-
ture of the emitted, reflected, and absorbed radiation?
The solution is that one should substitute the combined
intensity, rather than the reflected intensity or emitted
intensity, into Eq. (2) to evaluate the entropy and into
Eq. (5) to evaluate the temperature. Because the enclosure
is at thermal equilibrium, the combined intensity is inde-
pendent of the surface properties and wavelength. The
obtained monochromatic temperature based on the com-
bined intensity will always be the equilibrium temperature
of the enclosure. Multiple reflections can be treated in the
same way by using their combined intensity to define the
radiation temperature. Entropy production can occur in
radiation without the generation of heat. If a nearly colli-
mated radiation is diffusely scattered by a perfectly reflect-
ing (rough) surface, the scattered radiation will have a
much lower intensity due to the expanded solid angle.
The process is accompanied by entropy increase and hence
is irreversible. On the other hand, if a nearly collimated
light is split into two beams using a beam splitter, the trans-
mitted and reflected beams can interfere with each other
and the original intensity can be realized again after
another beam splitter in the Mach—Zehnder interferometer.
This process may be reversible because the two beams are
correlated [26]. The correlated or coherent beams have
lower entropy than those with the same intensity at ther-
modynamic equilibrium. The concept of monochromatic
temperature is applicable only if the maximum entropy
has been obtained. The calculation of radiation entropy
based on Eq. (2) relies on the following three hypotheses:

1. For either a vacuum or a participating medium, the
intensities of radiation at any given location can be
superimposed regardless of where they originate, as long
as all the rays fall within the same infinitesimal solid
angle (pencil cone) and spectral interval (either based
on the wavelength or frequency). The resulting intensity
is called the combined intensity. Note that the intensity
cannot be a simple addition in the presence of strong
interference and diffraction. In essence, wave interfer-
ence and diffraction effects are neglected, and the radia-
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tion field is treated as incoherent under this hypothesis.
Furthermore, if a participating medium is present, it is
assumed nondispersive so that the group velocity and
the phase velocity of electromagnetic waves are the same
and independent of the frequency.

2. The monochromatic radiation temperature can be calcu-
lated based on Eq. (5) using the combined intensity.
Radiation temperature is in general dependant on the
wavelength or frequency, direction, and polarization.
Photons are relativistic quanta that behave very differ-
ently from molecules or electrons. Photon travels with
the same speed and do not collide with each other.
The interaction between photons is a wave effect that
has been excluded in the first hypothesis. Hence, pho-
tons of different frequencies can coexist in the same vol-
ume element but with different radiation temperatures.
In addition, photons in different directions can have dif-
ferent monochromatic temperatures even with the same
frequency. In the case when the radiation consists of two
linear polarizations with different intensities, the mono-
chromatic temperatures will be different for different
polarizations. In essence, nonequilibrium radiation
may be regarded as in a partial equilibrium state, so that
each subsystem with its own wavelength, direction, and
polarization can be considered as in an equilibrium state
that is independent of others. A detailed discussion
about partial thermodynamic equilibrium can be found
from [23]. It should also be noted that if the medium is
optically thick, local equilibrium will be established; in
which case the radiation temperature reduces to the
local temperature of the medium.

3. The entropy intensity is defined based on the combined
intensity according to Eq. (2). The sum of the entropies
of all individual rays should be calculated based on the
radiation temperature of the combined intensity.
Because both energy and entropy are additive, the ratio
of the entropy intensity of each ray to the entropy inten-
sity of the combined radiation is equal to the ratio of the
(energy) intensity of that ray to the combined intensity.
This hypothesis allows evaluation of the absorbed, emit-
ted, and reflected entropy at individual surfaces.

The logical interpretation of radiation temperature and
radiation entropy allows a thermodynamic analysis of radi-
ative heat transfer in various situations. The present study
focuses on the radiative transfer between surfaces. The
energy and entropy equations for a plate at temperature
T, whose surface emissivity is & can be derived with the
help of Fig. 1. The elemental solid angle is d€2, and its
direction is indicated by 2, which is determined by the
zenith angle 0 from surface normal i and the azimuthal
angle ¢. It is assumed that radiation is absorbed or emitted
from a very thin skin layer.

The energy balance of the control volume per unit sur-
face area can be written as

U = Yin — Yout + 9cond (6>

11,81
r- ;J
I |
| Q(6.0)
: |
1 |
I ! 0
v [T i
1 |
—+p out
cond ——>| |
| <JI— in
1
- | Surroundings

Fig. 1. Energy and entropy balance for radiative heat transfer at the
surface of a plate.

where U is the rate of internal energy change in the control
volume, ¢;, and ¢, are the incoming and outgoing radia-
tive heat flux (or energy flux to be more precise), and gcond
is the conduction heat flux entering the left side of the con-
trol volume. Hemispherical and spectral integration of the
intensity gives the heat fluxes:

qin = / di I;(A,Q)n - QdQ (7a)
=0 Q<0

and

Gout :/ di I,(2,Q)n-QdQ (7b)
2=0 #9>0

For the outgoing radiation, the intensity is the sum of the
emitted and the reflected intensities. These equations have
been studied extensively in radiative transfer texts [21,27]
and will not be repeated here. The next step is to express
the entropy balance as follows [13,23]:

S = Sin — Sout + Scond + Sg (8)

All quantities expressed above are for unit time and unit
area, and the subscripts have the same meaning as in Eq.
(6), except that “g” stands for generation. Eq. (8) states
that the change of entropy in the control volume is equal
to the net entropy received by the control volume plus
entropy generation. Similar to the heat fluxes, the entropy
fluxes can be calculated by

5 = / By / L0, Qi - QdQ (92)
0 n-Q<0
and

Sout = / di / L7, Q- QdQ (9b)
0 n-Q>0

where L; is determined from I; by Eq. (2). Because the
plate is maintained at a constant temperature, assuming
the thermal conductivity is very high, Scond = Geond/T1-
The left-hand sides in Egs. (6) and (8) are zero at the steady
state. Therefore, Eq. (9) can be recast to evaluate the entro-
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py generation rate per unit surface areas due to radiative
heat transfer in the following:

Sg _ 9in out o (Sin o Sout) (10)
T,

Similar to radiative heat transfer analysis [27], entropy
flow towards a surface and away from a surface can be
characterized by an incoming component and an outgoing
component. Can one separate the emitted entropy from the
reflected entropy? Yes. This can be done by first separating
the outgoing intensity into an emitted component, which is
the emissivity multiplied by the blackbody emissive power,
and a reflected component, which depends on the incident
spectral intensity and the bidirectional reflectance of the
surface [28]. The ratio of the emitted intensity to the com-
bined intensity is a function of the wavelength and direc-
tion, given by

X(2,Q)=eln(4,T)/1;, for Q-n>0 only (11)

where the function X is the fraction of the emitted intensity,
and ¢; in general is dependent on the wavelength and direc-
tion as well. The emitted entropy can be calculated by

L emit(4, Q) = X(2,Q)L,(1;) (12)

Notice again that the combined entropy intensity L; is
evaluated from the combined intensity I, by Eq. (2). The
proportionality used in Egs. (11) and (12) is based on the
concept of partial equilibrium or spectral-directional equi-
librium of thermal radiation as outlined in the second
hypothesis given above. In an equilibrium state, if the num-
ber of particles is divided by two, the energy and entropy
are also equally divided because both are extensive proper-
ties. The emitted entropy flux, s.mi, can be obtained by
substituting L emi(4, 2) for L,(4,Q) in Eq. (9b) and then
performing the integration. The reflected entropy flux be-
COMES Spef = Sout — Semit» and the absorbed entropy flux is
thus Saps = Sin = Sref = Sin — Sout T Semit-

The physical interpretation of the entropy of emission is
the entropy associated with the photons that are emitted by
the surface (only spontaneous emission is considered here).
The radiative energy emitted by the surface depends only
on its temperature and emissivity, independent of the envi-
ronment. On the contrary, the emitted entropy is depen-
dent on the incoming radiation, if the incoming radiation
from the surrounding cannot be neglected. The reason is
that the monochromatic temperature of emission is affected
by the incoming photons. For the same amount of photon
flux, the entropy of free emission, i.e., X(4,Q) = 1, is differ-
ent from the entropy of emission when the incoming inten-
sity is nonzero. Applications of the analytic methodology
developed here will be described in the next section.

3. Entropy analysis applied to special cases
Several special cases are chosen to illustrate the entropy

formulation in radiative heat transfer. The first case is for
free emission from a diffuse-gray body. Here, free emission

means that the surface is enclosed in an empty space with
large surroundings at zero absolute temperature. The sec-
ond case is for free emission from a semi-infinite medium
with a refractive index that is independent of wavelength.
Therefore, the surface is gray but not diffuse and there is
an effect of polarization on the emission. The third case
is the entropy generated upon reflection and transmission
through a semitransparent slab of given refractive index.
The effects of polarization and multiple reflections are con-
sidered, but interference and absorption are neglected.
Semitransparent windows are extensively used in solar
energy applications, including solar collectors and build-
ings. The fourth case is the radiative transfer between
two infinite parallel plates at different temperatures sepa-
rated by vacuum. Both the plates are modeled as diffuse-
gray and opaque with different emissivities. The separation
distance is assumed to be large enough so that interference
and evanescent wave effects can be neglected. At steady
state, partial radiation equilibrium is established inside
such a cavity but the radiation temperature depends on
both the wavelength and direction. The entropy generation
due to the emission, reflection, and absorption of thermal
radiation is analyzed for each surface.

3.1. Free emission from a diffuse-gray surface

The simplest case besides blackbody emission is a dif-
fuse-gray surface emitting towards a large, cold environ-
ment. There is no absorption and no incoming fluxes,
and from the definition of emissivity, the outgoing or emit-
ted heat flux is

Gemit = 86T4 (13)

where ¢ and T are the emissivity and temperature of the
surface (the subscript 1 in Fig. 1 is omitted for simplicity).
Intuitively, one would guess that, in analogy to the black-
body emission with an emissive power ¢, = ¢T* and entro-
py flux of s, = §GT3, the total emitted entropy flux of the
diffuse-gray surface could be given by

4
Semit = 356T3 (14)

This is Eq. (7) in the 1964 paper by Petela [9]. After some
40 years, the same equation was used in his 2003 paper for
gray surfaces, see Eq. (29) in Ref. [10]. If Eq. (14) holds, the
entropy generation by free emission becomes

S = Semit — qe;“ = %SO'T3 (15)
which is Eq. (30) in Ref. [10]. Fig. 2 shows the calculation
results according to Eq. (9b), which is called the exact solu-
tion, and Petela’s approximate expression, i.e., Eq. (14) in
the present paper. The emitted entropy is normalized to
the blackbody entropy. It can be seen from Fig. 2 that
Eq. (14) is exact only when the emissivity is equal to one,
as for the blackbody case. When the emissivity is less than
unity, Eq. (14) always underpredicts the emitted entropy,



Z.M. Zhang, S. Basul International Journal of Heat and Mass Transfer 50 (2007) 702-712 707

e %0
2 \ Exact, Eq. (9b) 1
) 1 N e Approximate, Eq. (14) 1 50
§ [ —o— Relative error . ] ;_)?
S 08 : 140 g
& | . 1 =
o L ] D
€06 430 §
) - ] o
8 [ 1 3
N 0.4 J20 8
g | ' G
Sool ]
> 0.2 i 10
0 A P R 1o
0 0.2 0.4 0.6 0.8 1
Emissivity, €

Fig. 2. Outgoing entropy flux, normalized to that of a blackbody, for a
free emitting surface as a function of its emissivity. The percentage error of
the approximation is shown on the right.

and hence the entropy generation according to Eq. (15) is
also erroneously underpredicted. The error caused by this
approximation may be small if the source has a large emis-
sivity value or is near a blackbody. Nevertheless, caution
should be taken before applying Eq. (14) in analyzing the
conversion efficiencies for nonideal surfaces. The reason
why the total emissivity should not be directly used in the
total entropy expression is the following. Consider a source
temperature at 3000 K, the blackbody emissive power is the
highest as shown in Fig. 3a. For a diffuse-gray surface with
an emissivity of 0.5, the spectral distribution of the emissive
power would be proportional to the blackbody emissive
power at 3000 K. This curve, however, is not a blackbody
distribution function. Suppose an equivalent temperature
of the radiation based on the total emissive power is to
be used. By setting o7'*=e0T*, one obtains 7' =
1681.8 K. The peak of the spectral distribution that corre-
sponds to the blackbody distribution at 7" will shift to a
longer wavelength, as illustrated in Fig. 3a. Only at the
crossover wavelength, which is approximately 1.33 um,
the monochromatic temperature of the diffuse-gray body
is the same as 7". Saying in other words, the radiation tem-
perature even for a gray body is wavelength dependent.
The nonequilibrium nature of gray-surface emission was
noticed by Landsberg and Tonge [15] and termed this type
of radiation, dilute blackbody radiation. The present work
uses very few new definitions, and links the entropy analy-
sis directly to thermal radiation analysis for which the heat
transfer community is already very familiar with.

Bejan arrived at an expression for the radiation entropy
intensity:

41,
3T,

which is Eq. (9.47) in Ref. [13]. For radiation from a black-
body, the monochromatic temperature is not a function of

2 (16)

a L A LA L B L AL B
£ 3x10° | T=3000 K 1
> - £=0.5 ]
§ 3 T =¢"T 1
o< 2X10°F
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= i
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b 150 —————F————1 11—
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Fig. 3. Spectral distribution of (a) emissive power and (b) entropy flux.

wavelength; hence, the spectral integration of Eq. (16)
yields L = % "—:3, as expected. A direct comparison of the
spectral distribution between the exact expression of L,
given in Eq. (2) and the approximate expression of Eq.
(16) is shown in Fig. 3b. It can be seen that the approxi-
mate expression overpredicts the entropy flux at shorter
wavelengths and underpredicts the entropy flux at longer
wavelengths, even for a blackbody source. Given the avail-
able computational capabilities nowadays, it is a relatively
easy task to perform the integration using the spectral en-
tropy distribution given in Eq. (2) to prevent the error asso-
ciated with this approximation.

The radiation temperature is plotted against wavelength
for diffuse-gray surfaces with different emissivities, as
shown in Fig. 4. The radiation temperature is the same as
the surface temperature for a blackbody and is independent
of wavelength. As the emissivity is reduced, the monochro-
matic temperature decreases faster at longer wavelengths,
i.e., in the Rayleigh—Jeans limit, where the blackbody emis-
sive power is proportional to temperature. At very short
wavelengths, the emissive power is a strong function of
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Fig. 4. Spectral distribution of the monochromatic temperature for free
emitting surfaces at 3000 K with different emissivities.

temperature, and thus the effect of emissivity on the radia-
tion temperature is very weak.

3.2. Free emission from a semi-infinite medium with
refractive index n

For the purpose of illustrating the polarization effect, a
semi-infinite medium with a refractive index » at a uniform
temperature 7T is considered as the emission source. The
emission is again towards free space. The emissivity for
either TE or TM wave can be calculated based on Kirch-
hoff’s law by subtracting the reflectivity calculated using
Fresnel’s equations [21]. The emitted intensity for each
polarization is used to compute the entropy of emission
and monochromatic temperature. The ratio of the mono-
chromatic temperature to the medium temperature is
shown in Fig. 5, along with the directional emissivity, for
n=3. Note that the temperature ratio depends on the
product AT and AT = 3000 pm K is near the peak wave-
length in the emissive power given by Wien’s displacement
law and 99.5% of the radiative energy is within the spectral
region from A7 = 300 um K to A7 = 30,000 pm K. At the
Brewster angle (0g = 71.57°), where the emissivity is equal
to 1, the monochromatic temperature is the same as the
temperature of the medium. The effect of angular depen-
dence and polarization is clearly demonstrated in Fig. 5.
Note again that the effect of emissivity on the monochro-
matic temperature is larger towards longer wavelengths.

The normalized emitted entropy as a function of the
refractive index is shown in Fig. 6, together with the hemi-
spherical and normal emissivities. Note that a constant
refractive index is assumed so that the emission is indepen-
dent of the wavelength. For a gray surface, s/s, # f{T) as
can be seen from Egs. (2) and (9b). The hemispherical emis-
sivity is obtained by integrating the average emissivity over
the hemisphere. For the entropy calculation, individual
emissivity is first multiplied by the blackbody intensity to

a
w
S}
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|:<
AT =30,000 um-K
0 R T S SR R SR
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Polar angle, 6 (deg)
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R
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© 06 [ Directional emissivity \
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Refractive index: n =3 \
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Fig. 5. Temperature ratio versus the polar angle for thermal emission
from a semi-infinite medium with a refractive index n =3, where the
directional emissivity is also shown: (a) TE wave and (b) TM wave.
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the refractive index of the emitting medium.
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Table 1

Entropy flux for a free-emitting semi-infinite medium

Refractive index (n) 1 2 3 4 5 6
Hemispherical emissivity 1 0.839 0.724  0.633 0.562 0.505
s/sy (exact solution) 1 0872 0.776 0.698 0.635 0.583
s/sy (diffuse assumption) 1 0.874 0.781 0.705 0.643  0.592
Relative error 0 02% 0.6% 1.0% 12% 1.5%

evaluate the entropy intensity. The entropy intensity is then
integrated over the hemisphere and wavelength and then
the two polarization components are added. While the sur-
face is not diffuse, it is interesting to see how much error it
would cause in the entropy flux when the surface is
assumed to be a diffuse surface with an emissivity equal
to the hemispherical emissivity. Table 1 compares the
entropy fluxes. Regardless of the large differences in
the monochromatic temperature of the emitted radiation,
the diffuse assumption gives excellent prediction for the
entropy flux, which is less than 1% when the emissivity is
higher than 0.65% and only 1.5% when the emissivity is 0.5.

3.3. Reflection and transmission of solar radiation by a
window

Attention is now turned to the case of entropy genera-
tion for solar radiation at a glass window. The typical

a 0o r——7—————7—7T
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refractive index of fused silica is n = 1.5, and absorption
can be neglected in the most important solar spectrum
from about 0.25 um to 3.5 um. The transmittance and
reflectance can be calculated based on the ray-tracing
method so that the transmitted and reflected intensities
can be evaluated for each polarization as functions of the
incidence polar angle [27]. The incident, reflected, and
transmitted entropy intensities can be evaluated based on
the spectral energy intensities. Because the radiation from
the sun is confined in a small solid angle, it can be consid-
ered as a nearly collimated beam. In the calculation, the
temperature of the sun is assumed to be 7T,= 5800 K.
For illustration purpose, atmospheric absorption and scat-
tering are neglected so that the intensity arriving at the win-
dow is taken to be the same as that of a blackbody at Tj,.
The sum of the reflected and transmitted entropy fluxes will
be greater than the incident entropy flux due to irreversibil-
ity. The difference is the entropy generation.

The nondimensionalized total and spectral entropy gen-
eration is shown in Fig. 7, where ¢ is the incident heat flux
and is equal to the blackbody emissive power of the sun
since scattering and absorption by the atmosphere is
neglected. In reality, atmospheric effects will not only
reduce the incoming intensity of the solar radiation but
also its monochromatic temperature. The curves are plot-

b0-08"|"|"|"|"|

0.06

TE wave

d 0 7 T T T T T
0.6 T
0.5
| TE wave
2
o
\O
|_
2
7))

Incidence angle

Fig. 7. Total and spectral entropy generation of solar radiation upon reflection and transmission through a glass window, where 7, is the temperature of
the sun, ¢, = T3, and g0 = e;.4(4 To). (a) Total; (b) 4 =10.25 pm; (c) A= 0.5 pm; (d) A =2.5 um.
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ted for both TE wave and TM wave. For TE wave, the
reflectance increases as the incidence angle increases. At
the glazing angle, all the incident radiation is reflected
and the entropy generation becomes zero for both polariza-
tions. For TM wave, the reflectance is first reduced until
the Brewster angle, which is 56.3° with n=1.5. At the
Brewster angle, all incident radiation is transmitted and
the entropy generation is zero. The peak entropy genera-
tion corresponds to the case when the incident power is
split nearly equally into the transmitted and reflected
beams. The angular dependence of the spectral entropy
generation follows the same trend for corresponding polar-
ization. However, the entropy generation normalized to the
spectral intensity increases rapidly as the wavelength
increases. Not surprisingly, the nondimensional total
entropy generation is close to the spectral entropy genera-
tion at the wavelength (0.5 um) close to the maximum
wavelength of emission.

3.4. Radiative transfer between parallel plates

So far, the discussion about free emission, reflection, and
transmission may be viewed as a natural extension of the
more complicated thermodynamic models of photon radia-
tion, as summarized by Landsberg and Tonge [16]in 1980.
The final example is for two large parallel plates at temper-
atures 7T and 7>, separated by vacuum, as shown in Fig. 8.
For convenience of discussion without loss of generality, it
is assumed that T} > T,. The surfaces of the plates are
assumed diffuse and gray with emissivities ¢; and &,, respec-
tively. The separation distance is sufficiently large so that
the near-field effects can be neglected [4]. It is quite surpris-
ing that a proper entropy analysis of such a basic radiative
heat transfer problem has to wait until now.

The condition that both surfaces are diffuse and gray
allows the determination of the forward intensity /] and
backward intensity /; as follows:

1, ¢ Ty, &

o

I = el + 60y py (=) (1 =€2) +..
+(1—81)821;L’b2 +(l—el)azlk’bz(l—al)(1—82)+...

I, :(l—az)sll;“bl +(lfaz)sllk’bl(lfal)(l—82)+...
+eoly po +E205 po(1—8))A—€y) +...

Fig. 8. Radiative heat transfer between two plates, showing the ray-
tracing scheme for the forward and backward intensities, assuming
Tl = Tz.

v el + (1 —é&)ead

A 1—(1—81)(1—82) (17)
and

el —ea)lip + el
[/1 - 1—(1—81)(1—82) (18)

where I, ; and I, are Planck’s distributions evaluated at
T, and T,, respectively. The radiation can be considered
unpolarized because of the diffuse-gray assumption. Eq.
(18) can be obtained using the ray-tracing method [27] as
shown in Fig. 8. The forward and backward intensities
can be substituted into Eq. (5) to calculate the monochro-
matic temperatures: 7] and T, respectively, for the for-
ward and backward radiation. In the special case when
er=0but & #0, I} =1, =1, The photon gas will be
in equilibrium with surface 2. On the other hand, if surface
2 is perfectly reflecting, then the photon gas will be in equi-
librium with surface 1. When ¢; = &, = 1, i.e., both surfaces
are blackbodies, 7] = T and T; = T, the forward stream
and backward stream of photons can be viewed as being at
different equilibrium states. In the extreme case when
T)=T,, it can be seen from Eq. (18) that I] =1, =
1,11 = 1,2, suggesting that a complete or stable equilibrium
state [23] will be established. When nonideal surfaces are
involved, the monochromatic temperature will be wave-
length dependent, as can be seen from Fig. 9 for
T,=1500K, 7,=300K. In general T, >T7; > T,
> T,. In the case when & = 0, the monochromatic temper-
ature is 7). When ¢; =02 and e, =1, T; =T, but T is
wavelength dependent. When & = ¢, = 0.5, both 7 and
T, decrease towards longer wavelengths.

The strategy of computing the entropy is to evaluate the
entropy intensities using Eq. (2) by substituting the forward
and backward intensities calculated from Eq. (18). The
results give L] and L; that are independent of the polar
angle. Hence, the entropy fluxes can be calculated by
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Fig. 9. Monochromatic temperature versus wavelength when 7 = 1500 K
and 7, = 300 K with different emissivity combinations.
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s+:n/0 L7d) and s‘:n/o L;dA (19)

Note that for surface 1, the “+” sign is for the outgoing
and the “ — ” sign is for the incoming, and the opposite
is the case for surface 2. The entropy generation at each
surface due to radiative heat transfer can thus be evaluated
using Eq. (10). Let ¢, =¢" — ¢~ and 51, =5 — 57, which
are the net heat transfer and entropy transfer, the entropy
generation at each surface can be expressed as

Sg1 = S12 7% >0 and sg = %*512 =0 (20)
2

1
The total entropy generation per unit heat transfer is:
(Sg.1 t 8g2)/q12 = 1/T> — 1/T, which is independent of the
emissivity of any surface. The difference between radiation
and conduction (or diffusion) heat transfer between two
constant-temperature objects is that, in conduction, entro-
py generation occurs inside the medium (presumably the
boundary resistance is negligible). In radiation, on the con-
trary, entropy generation occurs at the interfaces. The
emissivities affect the fraction of entropy generated by indi-
vidual surfaces, as shown in Fig. 10a, where 5o 1/(sg,1 + 5¢.2)
and sg5/(sg,1 + 8.2) are plotted in percentage. When both
surfaces are black, because ¢, = oT{ — T3 and s, =
46T} — 4075, it can easily be verified that 8.1% entropy
generation is at surface 1. However, the fraction of entropy
generation at surface 1 increases as its emissivity decreases.
Assuming surface 2 is black, then g, = &6(T} — T3), if 512
were also scaled with ¢, that is s = %¢,6(T] — T3), the
fraction of entropy generation would not change with &
at all. The reason for the redistribution of entropy genera-
tion is explained next.

The emitted entropy intensities for surfaces 1 and 2 can
be obtained from Eq. (12) with

(1)

respectively. The emitted total entropy flux can be evalu-
ated using Sepy = 7 f0°° L; emit d4 for each surface under the
diffuse assumption. Fig. 10b shows the emitted entropy
normalized by ‘—3‘80T 3 for the corresponding surface. It is
clear that %saT ? does not represent the emitted entropy
for either surface. What is more interesting is that the emit-
ted entropy by surface 1 is always greater than (or at least
equal to) %810T3, whereas the emitted entropy by surface 2
is always smaller than (or at most equal to) %8207—3. Note
that the temperature of surface 2 is much lower than that
of surface 1 in the numerical example, resulting in a back-
ward flux usually much smaller than the forward flux.
When surface 2 is a blackbody, the emission from surface
1 is close to free emission, and the entropy of emission is
greater than that would be predicted by ;—‘slaT 3, because
the emitted photons do not follow an equilibrium distribu-
tion. The increase of the entropy emitted by surface 1 with
decreasing ¢; causes an increase in the net entropy transfer
between the two surfaces per unit heat transfer: s,5/q5.
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Fig. 10. (a) Percentage entropy generation and (b) the emitted entropy by
each surface for 7| = 1500 K and 7, =300 K. The emitted entropy is
normalized to the product of the emissivity and the entropy emitted by a
blackbody at the surface temperature.

According to Eq. (20), s.1/¢1> will increase and s, 5/¢;» will
decrease.

When the emissivity of surface 2 is reduced, a large
amount of photons will be reflected back towards surface
1, resulting in an increase of /7 and a reduction of the
entropy associated with the emitted photons with respect
to ¢,0T;. At the same time, the reflection increases /; and
subsequently the monochromatic temperature 7;. While
the emitted number of photons by surface 2 does not change,
the total entropy emitted by surface 2 is reduced. Lowering
the Semit.1/(615v1) has more significant effect in reducing
s12/q12. Hence, as &, decreases, for the same ¢, the fraction
of entropy generation by surface 1 decreases and the fraction
of entropy generation by surface 2 increases. When one sur-
face is highly reflecting, the photon gas is close to the equilib-
rium state of the other surface; hence, most of the entropy
generation occurs at the highly reflecting surface.

To date, the procedure mentioned above seems to be the
only plausible method for the determination of entropy
generation and emission by individual surfaces in one of
the simplest radiative heat transfer problems. In a direct
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energy conversion device, the photon energy from a high-
temperature source in certain frequency region will be
absorbed and converted into electricity rather than thermal
energy. It is important to take into account the spectral
dependence of the radiative properties of both the emitter
and absorber, considering multiple reflections and quan-
tum efficiency of the device. The method presented above
should enable such an analysis to be made properly based
on the principles of thermodynamics and the physics of
thermal radiation.

4. Conclusions

A systematic method is developed in the present work
for entropy analysis of radiative heat transfer between sur-
faces. Expressions that are consistent with nonequilibrium
thermodynamics have been derived rigorously under the
three hypotheses. The concept of partial thermodynamic
equilibrium is utilized to provide a physical interpretation
of the monochromatic radiation temperature under non-
equilibrium radiation environment. The key to evaluate
radiation entropy and temperature is to calculate these
quantities according to the combined intensity in each
wavelength and direction. Sometimes it may even be neces-
sary to evaluate them separately for each polarization. The
fraction of entropy carried by each individual ray is the
same as the fraction of energy intensity or photon numbers
in that ray.

Along with presenting some interesting results, the pres-
ent paper has also clarified some confusions and unjustifi-
able approximate expressions in the literature. Until now,
no theories exist for proper evaluation of the emitted and
generated entropies by individual surfaces during radiative
heat transfer processes. The method presented here has
been successfully applied to the evaluation of the entropies
emitted and generated at each surface in the radiative heat
transfer problem between two diffuse-gray plates. The pro-
cedure developed in the present paper can also be applied
to perform second-law analysis of industrial systems
involving thermal radiative heat transfer, by taking into
account the spectral nature of thermal radiation, multiple
reflections, polarization, and spectral radiative properties.

At present, a satisfactory second-law interpretation of
the near-field radiation does not exist. Because of the rapid
advancement of nanoengineering and the increasing aware-
ness of energy related issues, the study of thermodynamics
of near-field radiation is expected to be an important
research area that will greatly impact future development
of micro/nanoscale energy conversion technologies.
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